A statistical study is presented to evaluate the accuracy of five approximate methods that have been proposed in the past to estimate the maximum inelastic deformation demand on existing structures. Three are based on equivalent linearization in which the inelastic deformation is approximated by the maximum deformation of an equivalent linear elastic system having lower lateral stiffness and larger viscous damping with respect to the preyielding properties of the inelastic system. In the equivalent linear methods evaluated here the equivalent period and equivalent damping ratio are computed as a function of the maximum deformation through the displacement ductility ratio. The other two methods estimate the maximum inelastic deformation of a system by modifying its maximum elastic deformation through a displacement modification factor. Modification factors depend on the initial period of vibration and its lateral strength. A relatively large number of earthquake ground motions recorded on sites having average shear wave velocities higher than 180 m / s are used to calculate error statistics. For each method mean errors and standard errors, as well as probability of underestimating or overestimating inelastic deformations, are presented and discussed.
Introduction
Performance-based seismic design methodologies aim at controlling earthquake damage to structural elements and many types of nonstructural elements by limiting lateral deformations on structures. Limiting lateral deformations requires an adequate estimation of peak lateral deformation demands on structures, particularly when subjected to severe ground motions in which the structure is likely to undergo inelastic deformations. Recently published performance-based design guidelines have proposed various simplified nonlinear procedures to approximate maximum global deformations of structures subjected to earthquakes (ATC 1996; BSSC 1997 BSSC , 2000 . In these procedures the global inelastic deformation demand on the structure is estimated from the response of an equivalent single-degree-of-freedom (SDOF) system. Furthermore, the maximum inelastic deformation of the equivalent SDOF system is approximated from the maximum deformation of an elastic SDOF system.
The nonlinear static procedure (NSP) in ATC-40 (ATC 1996) is based on equivalent linearization in which the maximum deformation of an inelastic SDOF system is approximated as the maximum deformation of an elastic SDOF system with a lateral stiffness smaller than that of the initial stiffness of the inelastic system and with a damping ratio larger than that of the inelastic system. On the other hand, in the so-called displacement coefficient method in FEMA-356 (BSSC 2000) the maximum deformation of the SDOF inelastic system is approximated as the maximum deformation of an elastic SDOF system with the same stiffness and same damping ratio as the inelastic system times a displacement modification factor that depends on the lateral strength and period of vibration of the structure.
Various researchers and practicing engineers have more recently found that in some cases simplified procedures in ATC-40 and FEMA-356 may yield substantially different estimates for target displacement demands (Aschheim et al. 1998; Chopra and Goel 1999; MacRae and Tagawa 2002) . Miranda and Akkar (2002) recently conducted a comprehensive evaluation of both methods. The study concluded that in many cases the target displacements computed with the approximate procedures depart significantly from results of response history analyses. In particular, their study identified spectral regions and strength levels in which these methods tend to overestimate or underestimate inelastic displacement demands. These studies have clearly indicated the need to improve the procedures currently recommended.
In a recent study, Miranda and Ruiz-García (2002) evaluated six possible alternative methods to estimate the maximum inelastic deformations of SDOF systems. Four approximate methods were based on equivalent linearization in which both the equivalent stiffness and the equivalent damping ratio were computed as functions of displacement ductility ratio, (peak deformation normalized by the yield deformation) (Rosenblueth and Herrera 1964; Gülkan and Sözen 1974; Iwan 1980; Kowalsky 1994 modification factors in which the modifying factor was a function of period of vibration and of the displacement ductility ratio (Newmark and Hall 1982; Miranda 2000) . They used a total of 264 acceleration time histories recorded on sites with different local site conditions corresponding to site classes A, B, C, and D according to current building codes in the United States (ICC 2000) .
All six methods evaluated by Miranda and Ruiz-García (2002) are aimed at estimating the maximum inelastic deformation using functions of displacement ductility ratio to compute equivalent periods and equivalent damping ratios or to compute displacement modification factors. The goal of their study was to evaluate the accuracy of approximate methods for the preliminary design of structures. Therefore they assumed that the displacement ductility ratio was known for all six methods and they computed error statistics for constant values of displacement ductility ratios between one and six. However, during the seismic evaluation of existing structures or during the estimation of possible deformation demands on new structures, the displacement ductility ratio is unknown, and therefore iteration is required to estimate the maximum deformation demands.
The nonlinear static procedure in the ATC-40 document (ATC 1996) includes various iterative methods to estimate the maximum inelastic deformation using equivalent linear methods. Studies by Goel (1999, 2000) concluded that iterative procedure A in ATC-40 does not always converge. More recently, Miranda and Akkar (2003) provided reasons for this nonconvergence and found that lack of convergence is not unique to the equivalent linear method implemented in ATC-40. They found that convergence problems can occur with any equivalent linear method in combination with fixed-point iterative procedures in which the deformation ductility ratio computed in a given iteration is used as the assumed deformation for the next iteration. They provided various alternative iteration procedures that guaranteed convergence and compared their rate of convergence.
More recently, Iwan and Guyader (2002) proposed an improved equivalent linearization method. Their study provided some information on the accuracy of their proposed method, but similarly to the study by Miranda and Ruiz-García (2002) they assumed that the displacement ductility ratio was known. Hence there is a need for evaluating the accuracy of equivalent linear methods to estimate the maximum deformation of inelastic systems when the ductility ratio is unknown.
In order to avoid iteration various studies (Reinhorn 1997; Chopra and Goel 2000; Fajfar 2000) proposed to estimate the ductility ratio by using existing R --T relationships and to then estimate the maximum deformation of the inelastic system, ⌬ i , as follows
where = approximate mean displacement ductility ratio obtained from R --T relationships; ⌬ e = maximum deformation of the elastic system having the same period and damping ratio of the inelastic system; and R = lateral strength ratio defined as the strength required to maintain the system elastic divided by the lateral yield strength. In a recent study, Miranda (2001) showed that displacement modification factors computed using mean R --T relationships could lead to underestimations of inelastic deformations. The study concluded that more accurate inelastic deformation estimates could be obtained by using displacement modification factors derived directly from statistical studies of SDOF systems with known lateral strength. Ruiz-García and Miranda (2003) recently presented a comprehensive statistical study of constant relative strength (constant strength ratio R) displacement modification factors. As part of that study they proposed a simplified expression to compute displacement modification factors to estimate the maximum deformation of an inelastic system without iteration. However, they did not provide information on the accuracy of the proposed expression. Therefore there is also a need to study the accuracy of noniterative methods based on displacement modification factors.
The objective of this study is to evaluate the accuracy of five approximate methods to estimate the maximum deformation of inelastic SDOF systems with known lateral strength. The methods evaluated comprise three iterative equivalent linear methods and two noniterative methods based on displacement modification factors. Results from approximate methods are compared to the results from nonlinear response history analyses and error statistics are computed. Mean errors (bias factors) as well as standard errors are presented as a function of period and as a function of lateral strength ratio using 216 ground motions recorded on firm sites.
Approximate Methods Considered

Iwan (1980)
Using an ensemble of 12 recorded earthquake ground motions and a hysteretic model derived from a combination of elastic and Coulomb slip elements, Iwan (1980) found equivalent periods and equivalent damping ratios that minimized overall root mean square errors for SDOF systems with known displacement ductility ratio averaged over a range of periods of vibration between 0.4 and 4.0 s. He then performed regression analyses to propose the following empirical equations to compute the equivalent period and equivalent damping ratio:
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where T eq and eq = period and damping ratio of the equivalent linear system, respectively; and T 0 and 0 = initial period and damping ratio of the original system, respectively.
Kowalsky (1994)
Of the various equivalent linear methods that use the secant stiffness, Miranda and Ruiz-García (2002) found that the method by Kowalsky (1994) provided the best results. In this method the period of vibration of the equivalent system is computed using secant stiffness at maximum deformation as
where ␣ = postyield-to-initial stiffness ratio. Kowalsky defined the equivalent damping ratio as the sum of the initial damping ratio and an equivalent hysteretic damping, hyst . The hysteretic damping is computed by applying Jacobsen's approach (1930) in which the energy dissipated by hysteresis in a full cycle with equal maximum deformation on both sides is equated to the energy dissipated by viscous damping in one cycle of harmonic motion. This corresponds to equating the areas inside the hysteretic loops shown in Fig. 1 . Kowalsky assumed the Takeda model (Takeda et al. 1970 ) for the hysteretic model. Assuming an unloading stiffness factor of n = 0.5, the hysteretic energy, E H , dissipated in one cycle with a deformation amplitude equal to ⌬ y in both directions is given by
where k 0 and ⌬ y = initial lateral stiffness and the yield displacement of the original system, respectively. The energy dissipated by viscous damping, E D , in one cycle of harmonic motion with amplitude equal to ⌬ y and having a period equal to that of the equivalent system is
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From Eq. (4) the equivalent lateral stiffness, k eq , can be expressed in terms of the initial stiffness of the original system as
Substituting Eq. (7) into Eq. (6), the damping energy, E D , can be expressed as
Equating Eq. (5) which represents the hysteretic energy dissipated in the nonlinear system to Eq. (8) which is the energy dissipated by viscous damping in the equivalent linear system, the hysteretic damping term in Kowalsky's equivalent linearization method is obtained as follows:
The equivalent damping ratio is then given by hyst = 1
Iwan and Guyader (2002)
Iwan and Guyader (2002) used an approach similar to that previously used by Iwan (1980) to propose improved equations to estimate maximum deformation demands in inelastic SDOF systems. The proposed equations for elastoplastic systems are given by for Ͻ4.0
Newmark and Hall (1982)
The best known method to estimate the maximum deformation demand of structures is the Newmark and Hall (1982) method that was derived considering an elastoplastic behavior. In this method the maximum deformation of an inelastic system is approximated as
where the displacement modification factor is given by / R NH and R NH = period dependent strength reduction factor is given by
where 
The corner period T c divides the constant acceleration spectral region from the constant velocity spectral region. For periods of vibration equal or longer than T c the strength reduction factor is equal to the displacement ductility ratio, which leads to a displacement modification factor equal to one, which corresponds to the equal displacement rule, which states that in this period range the maximum deformation of the inelastic system is equal to the maximum deformation of the elastic system. Eq. (16) is a so-called R --T relationship that permits the estimation of the strength reduction factor as a function of the displacement ductility ratio and the period of vibration. However, as mentioned before, when estimating maximum deformations on existing structures or when estimating possible deformation demands on new structures, the displacement ductility ratio is not known. In order to avoid iteration when using the Newmark-Hall method, Chopra and his collaborators (Chopra and Goel 2000; Chopra and Chintanapakdee 2001) proposed to solve for in Eq. (16) and substitute it with the resulting displacement ductility ratio in Eq. (15). This procedure leads to the following estimates of inelastic deformations:
where R = strength ratio computed as the lateral strength required to maintain the system elastic to the yield strength of the system. It should be noted that if R and are random variables then the transformation proposed by these investigators is not strictly valid and the displacement modification factor computed from Eq. (19) as a function of R is only a first order approximation. For further discussion the reader is referred to Miranda (2001) . Displacement modification factors corresponding to Eq. (19) for an elastic spectrum based on firm soil peak ground acceleration, velocity, and displacement values of 1.0g, 121.92 cm/ s ͑48 in./ s͒, and 91.44 cm ͑36 in.͒, respectively, are shown in Fig.  2 . It can be seen that for short period structures with R Ͼ 1 the displacement modification factor is larger than one.
Ruiz-García and Miranda (2003)
Ruiz-García and Miranda (2003) also proposed a noniterative method to estimate maximum deformation demands using displacement modification factors. Similarly to the Newmark and Hall method, the method consists of approximating the maximum inelastic deformation demand as the product of the maximum deformation demand of a linear elastic system with period and damping ratio equal to those of the inelastic system times a displacement modification factor as follows:
where C R = displacement modification factor referred by these writers as inelastic displacement ratio. These writers proposed a simplified expression to estimate C R as a function of the period of vibration and the lateral strength ratio R. The simplified expression to estimate the displacement modification factor was obtained by conducting nonlinear regression analyses to fit statistical results of the ratio of maximum inelastic deformation to the maximum elastic deformation computed with SDOF elastoplastic systems subjected to earthquake ground motions recorded in various site conditions. The expression to compute C R is given by
where T = vibration period of the system; T s = characteristic period of the site; and a, b, and c = site dependent constants. Table 1 lists these constants for firm site categories that have shear wave velocities larger than 180 m / s. The site classes B, C, and D correspond to those used in U.S. seismic provisions (ICC 2000).
Statistical Study
In order to evaluate the accuracy of the five approximate methods to estimate maximum deformation demands on SDOF, the results computed with the approximate methods were compared to the results obtained with nonlinear response history analyses using a 5% damped elastoplastic system. Accuracy was evaluated by using 216 earthquake ground motions recorded on firm soil sites during 12 California earthquakes with moment magnitudes ranging between 5.8 and 7.2. All ground motions were recorded on rock or on firm soil sites with average shear wave velocities higher than 180 m / s ͑600 ft/ s͒ in the upper 30 m ͑100 ft͒ of the site profile. Earthquake ground motions were divided into three groups according to the local site conditions at the recording station. The first group consisted of ground motions recorded on stations located on rock with average shear wave velocities between 760 m / s ͑2,500 ft/ s͒ and 1,525 m / s ͑5,000 ft/ s͒ that cor- respond to site class B in accordance to current U.S. seismic provisions (BSSC 1997 (BSSC , 2000 ICC 2000) . The second group consisted of records obtained on stations on very dense soil or soft rock with average shear wave velocities between 360 m / s ͑1,200 ft/ s͒ and 760 m / s (site class C) while the third group consisted of ground motions recorded on stations on stiff soil with average shear wave velocities between 180 m / s ͑600 ft/ s͒ and 360 m / s (site class D). Seventy-two ground motions in each group were considered. Detailed information of the ground motions can be found in Ruiz-García and .
For each ground motion and each approximate method the following error measure was computed:
where E T,R corresponds to the ratio of approximate, ⌬ ap , to exact, ⌬ ex , maximum inelastic deformation at the period of vibration T for a lateral strength ratio, R. This error measure was computed for 50 periods of vibration ranging from 0.05 to 3.0 s and for six levels of relative strength corresponding to lateral strength ratios R = 1.5, 2, 3, 4, 5, and 6. A total number of 64,800 nonlinear response history analyses and 324,000 individual errors were computed in this study.
The effects of site conditions were considered in the Newmark-Hall method by computing a different corner period T c in Eq. (19) for each of the three site classes. The corner periods were determined by fitting an idealized Newmark-Hall spectrum to the mean spectrum of each ensemble as suggested by Chopra and Chintanapakdee (2001) . The corner periods computed for site classes B, C, and D are 0.39, 0.59, and 0.64 s, respectively.
The approximate inelastic deformations computed with the two methods based on displacement modification factors can be computed directly without iteration. However, in the case of equivalent linear methods, iteration was required because the maximum displacement ductility ratio cannot be determined in advance. Iterative schemes in an equivalent linear method basically consist of the following steps: (1) assume a displacement demand, D a ; (2) compute the displacement ductility demand by normalizing the assumed displacement by the yield displacement; (3) compute the equivalent period of vibration and equivalent damping ratio using the displacement ductility ratio computed in the previous step; (4) compute the maximum deformation of the equivalent linear elastic system; and (5) verify if the computed displacement is within a tolerance equal to the assumed displacement D a . If not, then steps (1)-(4) are repeated until convergence is obtained. In this study, a secant iteration scheme is used. Unlike other iteration schemes, such as procedure A in ATC-40, this one is guaranteed to converge, provided that an initial displacement range that bounds the approximate displacement is selected. It should be noted that regardless of the equivalent linear method that is used iterative equivalent linear methods may lead to multiple solutions (Miranda and Akkar 2003) . In this investigation an initial interval estimated by 0.2⌬ e and 3.0⌬ e is used in combination with the secant iteration scheme and the first assumed deformation found to be within 1% of the computed deformation is taken as the approximate inelastic deformation without verifying further whether this is the only approximate solution. For an indepth discussion of iterative procedures used in combination with equivalent linearization methods, the reader is referred to Miranda and Akkar (2003) .
In order to determine whether the approximate methods tend to underestimate or overestimate inelastic deformations, for each method, each period and each lateral strength ratio mean errors were computed as follows:
where n = number of ground motions, which in this case is 72 for each site category. This mean error is a measure of the bias of each method towards underestimating or overestimating. Values larger than one represent a tendency to overestimate maximum deformations and values smaller than one correspond to a tendency to underestimate the maximum deformation. Fig. 3 presents mean errors for each of the five methods computed with ground motions recorded on site class B. It can be seen that Iwan's (1980) method leads to relatively good results for periods of vibration longer than about 0.5 s. In this period range small tendencies to underestimate (of approximately 10%) are produced for lateral strength ratios smaller than 3 and small tendencies to overestimate deformations are produced for strength ratios larger than four. For periods smaller than 0.5 s, Iwan's method tends to underestimate inelastic deformations for R Ͻ 3 and produces very large overestimations for R ജ 4. Kowalsky's method leads to adequate results for periods longer than 1.5 s. However, it tends to overestimate deformations for systems with periods between 0.5 and 1.5 s when R ജ 4. For short periods of vibration ͑T Ͻ 0.5 s͒ Kowalsky's method produces very large overestimations of deformation demands. In many cases the approximate deformations are on average 50% larger than the exact deformations. Mean errors computed with the method proposed by Iwan and Guyader are relatively small for periods longer than 0.5 s with a tendency to overestimate deformations for all values of R studied here. The bias towards overestimation of deformation demands observed in equivalent linear methods for short periods systems is produced because these methods have been developed based on a limited range of constant ductility ratios, while weak systems with short periods of vibration may undergo very large levels of nonlinearity. It can be observed that in general overestimation increases as the lateral strength ratio increases.
Mean errors computed for the Newmark and Hall method indicate than the equal displacement rule leads to small overestimations (smaller than 15%) for periods longer than 0.9 s. For periods between 0.3 and 0.9 s this method tends on average to produce small underestimations of inelastic deformations while for periods smaller than 0.3 s tends to overestimate maximum deformations. Mean errors in the latter two spectral regions increase as the lateral strength ratio increases. Displacement modification factors proposed by Ruiz-García and Miranda produce more uniform mean errors. It can be seen that for practically all periods, the errors are smaller than 15%. For periods longer than 1.0 s mean errors are approximately similar to those of other methods but leads to smaller mean errors in the short period region.
Figs. 4 and 5 show mean errors for each method computed with ground motions recorded on site classes C and D. The same trends and very similar mean errors are observed for these site classes. Again it is observed that, in general, all five methods lead to relatively good results for periods longer than 1.0 s, but in the short period region displacement modification factors lead to smaller mean errors.
In order to further assess the accuracy of the five approximate methods, standard errors were computed for each period of vibration and each lateral strength ratio as follows:
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The standard error corresponds to an average error over all records in each group. For a large n the standard error is approximately equal to the root mean square relative error. Fig. 6 presents the standard error computed for each approximate method as a function of period of vibration and lateral strength ratio, R. It can be seen that in general errors increase as the lateral strength ratio increases and that errors are significantly larger in the short period region ͑T Ͻ 0.5 s͒ than for other spectral regions. For periods longer than 0.5 s noniterative methods proposed by Ruiz-García and Miranda and by Newmark and Hall yield the smallest errors followed by Iwan's method (1980) . For periods smaller than 0.5 s the smallest errors are those of the Ruiz-García and Miranda method followed by those of Newmark and Hall and Iwan's method (1980) . In general, the largest errors are produced by Kowalsky's method.
As mentioned previously, Kowalsky's method was developed based on the Takeda hysteretic behavior (Takeda et al. 1970) while Figs. 3-6 evaluate this method using an elastoplastic behavior. In order to examine if errors would decrease when using the same hysteretic behavior for which the method was developed, mean errors and standard errors were computed with maximum deformations obtained from response history analyses using the Takeda hysteretic model. Results for site class D are shown in Fig. 7 . When using the Takeda model, mean errors for periods smaller than about 0.3 s decrease relative to those computed with the elastoplastic behavior. However, for periods longer than 0.7 when using the Takeda model, Kowalsky's method tends to overestimate inelastic displacement demands. In this period range, the results are clearly better for the elastoplastic behavior even when this hysteretic behavior is not the one used in the development of the method. This increase in mean error for intermediate and long periods is due to the fact that, as documented in several studies (Clough and Johnston 1966; Riddell and Newmark 1979; Foutch and Shi 1998) , the maximum deformation of stiffness degrading models, is on average, slightly smaller than that of elastoplastic systems. Another way to assess the accuracy of approximate methods is by computing errors associated with specific percentiles. A percentile corresponds to an error that has a specific probability of nonexceedance. Fig. 8 presents 10 and 90% percentiles for all periods when R = 6 corresponding to both equivalent methods proposed by Iwan and the two methods based on displacement modification factors. Ninety percent of the individual errors (errors computed for individual records) are above the 10% percentile error, while 90% of the individual errors are below the 90% percentile error. Similarly, 80% of the errors lie between these two lines. Hence the closer these lines are from each other the smaller the dispersion is, and the closer to 1.0 the better the method is. From this figure it is clear that error dispersion with any of these methods is significantly larger in the short periods range. For periods longer than 0.5 s, the method proposed by Ruiz-García and Miranda exhibits a smaller dispersion. Nevertheless, considerable scatter exists for all methods. It can be seen that for periods larger than about 0.6 s the error associated with 10% probability of nonexceedance is practically the same for all four methods. However, for periods smaller than 0.4 s the errors associated with p = 10% in methods based on displacement modification factors are smaller than 0.5, indicating that with these methods there is a probability larger than 10% of estimating deformation demands that are half of the deformation computed with nonlinear response history analyses. These results indicate that for periods longer than 0.5 s there is a 10% probability that these methods will overestimate the maximum deformation by 50% or more. In the short period range there is a 10% probability that the maximum deformations will be significantly overestimated, particularly with the Newmark and Hall's method. In order to assess the accuracy of approximate methods to estimate maximum deformation demands of SDOF systems, Iwan and Guyader (2002) computed probabilities of underestimating and of overestimating deformation demands by specific values. Fig. 9 presents the probability of underestimating the maximum deformation by 20% and of overestimating the maximum deformation by an equal amount. This figure corresponds to systems with a lateral strength ratio of three when subjected to ground motions recorded on site class B. It can be seen for periods longer than 0.8 s the smallest probabilities of underestimating the maximum deformation by 20% are produced by methods based on displacement modification factors, which exhibit probabilities between 10 and 25%. In the same period range equivalent linear methods proposed by Kowalsky and by Iwan (1980) have probabilities between 20 and 40% of underestimating the maximum deformation by 20%. Relatively large probabilities of underestimating the maximum deformation by 20% are observed for Iwan's method for periods smaller than 0.6 s and for Ruiz-García and Miranda's method for periods smaller than 0.3 s. In general, methods that exhibit smaller probabilities of underestimating deformations show larger probabilities of overestimating and vice versa. This trend is clearly visible for periods longer than 0.8 s.
The probability of underestimating the maximum deformation by 40% and of overestimating the maximum deformation by 40% are shown in Fig. 10 . This figure corresponds to systems with a lateral strength ratio of three when subjected to ground motions recorded on site class D. It can be seen that for periods longer than 1.0 s all methods have relatively small probabilities of underestimating deformation demands by 40%, with probabilities varying between 5 and 15% depending on the method used. The smallest probabilities of underestimating deformation demands by 40% correspond to the method proposed by Iwan and Guyader that in this period range has probabilities smaller than 8%. For periods smaller than 0.2 s, methods based on displacement modification factors exhibit relatively large probabilities of underestimating deformation demands by 40%. Similarly, for periods of vibration longer than 1.0 s these methods exhibit larger probabilities of overestimating the deformation demands by 40%. The large bias of Kowalsky's method towards overestimating deformation demands in the short period region leads this method to have the smallest probabilities of underestimating the maximum deformation by 40%, but at the same time produces very large probabilities of overestimating deformation demands by 40% for systems with periods smaller than 0.7 s. 
Summary and Conclusions
The accuracy of five approximate methods in estimating the maximum inelastic deformation demand of single-degree-offreedom systems with known lateral strengths was evaluated. In all methods the maximum inelastic deformation is approximated from the maximum deformation of linear systems. Three of the methods evaluated use equivalent linearization in which the maximum deformation of a nonlinear oscillator is approximated as the maximum deformation of a linear oscillator that has a period of vibration and damping ratio that are larger than those of the nonlinear oscillator. In these methods, the equivalent period and the equivalent damping ratio are computed as a function of the maximum displacement ductility demand, hence iteration is required to obtain the approximate maximum deformation. The other two methods are based on displacement modification factors in which the maximum deformation of inelastic systems is approximated by multiplying the maximum lateral deformation of an elastic system having a period and damping ratio equal to those of the nonlinear system by a modification factor. The modification factor is a function of the period of vibration of the system and of the lateral strength of the system. Thus no iteration is required.
In order to evaluate the accuracy of the approximate methods, deformation demand estimates computed by each procedure were compared to results computed from nonlinear response history analyses using an elastoplastic behavior. For this purpose 216 earthquake ground motions recorded in various firm site conditions during 12 California earthquakes were considered. For each method, each period of vibration, and each level of lateral strength, ratios of approximate to exact displacement were computed. Results computed as part of this investigation include: mean errors, standard errors, errors associated with specific probabilities of nonexceedance, as well as probabilities of underestimating and of overestimating maximum inelastic deformation demands. The following conclusions can be drawn from this study.
For periods longer than 1.0 s all methods produce on average relatively good results. In this period range bias towards underestimating or toward overestimating maximum deformation demands are typically smaller than 15%. However, when using the Takeda model, Kowalsky's equivalent linear method produced overestimations, that on average are between 20 and 30%. In the short period range the method proposed by Ruiz-García and Miranda leads to mean errors that are closer to one than those of the other approximate methods evaluated here. Equivalent linear methods proposed by Iwan and Guyader and the one proposed by Kowalsky tend to overestimate deformation demands for systems with a period of vibration smaller than 0.5 s. Tendencies to overestimate are particularly large when using Kowalsky's method for predicting maximum deformation of systems with elastoplastic or Takeda hysteretic behaviors. In the short period range the method proposed by Iwan in 1980 has a slight tendency to underestimate deformation demands for lateral strength ratios smaller than three, but has a tendency to overestimate deformation demands for lateral strength ratios equal to or larger than four. Mean errors are not significantly affected by the site conditions. An estimate of inelastic deformations are significantly easier to obtain with methods based on displacement modification factors since no iteration is required.
Standard errors increase as the lateral strength ratio increases. The smallest standard errors were computed with the noniterative displacement modification factor method proposed by RuizGarcía and Miranda regardless of the period of vibration. This method also exhibits slightly smaller dispersion than the other methods. Nevertheless, the errors produced by any of these methods can be relatively large, particularly for lateral strength ratios larger than four. In the short period region, all methods can lead to relatively large errors in the estimation of inelastic deformation demands. In general, methods that have small probabilities of underestimating inelastic deformations exhibit larger probabilities of overestimating maximum deformations and vice versa.
The results presented in this study suggest that caution should be exercised when employing approximate procedures that estimate maximum inelastic displacement demands of systems with known lateral strength from the maximum deformation of linear systems. Users of nonlinear static procedures in which target displacements are computed using equivalent linear methods or displacement modification factors should be aware of the limited accuracy offered by these approximate methods, particularly for weak systems relative to the strength required to remain elastic and/or for systems with periods of vibration shorter than 0.6 s.
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Notation
The following symbols are used in this paper: a,b,c ϭ site dependent constants for R dependent displacement modification factor; C R ϭ displacement modification factor for constant relative strength; E D ϭ energy dissipated by viscous damping in one cycle of harmonic motion; E H ϭ energy dissipated in one cycle of a hysteretic loop; E T,R ϭ maximum approximate to exact inelastic displacement ratio (error term); Ē T,R ϭ mean error for a given vibration period and normalized strength; k eq ϭ equivalent lateral stiffness; k 0 ϭ initial lateral stiffness of the system; R ϭ lateral strength ratio; R ϭ normalized strength value for a given displacement ductility ratio; T ϭ periods of vibration; T a ,T b ,T c ϭ corner periods for Newmark-Hall design procedure; T eq ϭ equivalent period of the equivalent linear system; T 0 ϭ initial period of vibration of the system; T s ϭ characteristic period of the site; ␣ ϭ postyield-to-initial stiffness ratio; ⌬ e ϭ maximum lateral displacement of an elastic single-degree-of-freedom system; ⌬ i ϭ maximum inelastic displacement of a nonlinear single-degree-of-freedom system; ͑⌬ i ͒ ap ϭ approximate maximum inelastic single-degree-of-freedom displacement; ͑⌬ i ͒ ex ϭ exact maximum inelastic single-degree-of-freedom displacement; ϭ displacement ductility ratio; eq ϭ equivalent viscous damping of the equivalent linear system; hyst ϭ hysteretic damping due to nonlinear behavior; 0 ϭ initial viscous damping ratio of the system; and SE ϭ standard error for a given vibration period and normalized strength.
